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Let Tn,d be the class of trees with n vertices and diameter d.
In this paper, the lexicographic ordering of trees in the set
Tn,d (3 d n − 2) by spectralmoments is considered, and the last⌊
d
2
⌋
+ 1 trees, in an S-order, among all trees in Tn,d (4 d n − 3)
are characterized. Moreover, all trees in Tn,d have an S-order for
d 3 and d n − 2.
Crown Copyright © 2010 Published by Elsevier Inc. All rights
reserved.
1. Introduction
All graphs considered here are ﬁnite and simple. Undeﬁned terminology and notation may refer to
[1]. For a vertex x of a graph G, we denote the neighborhood and the degree of x by NG(x) and dG(x),
respectively. A pendant vertex is a vertex of degree 1. For two vertices x and y (x /= y), the distance
between x and y is the number of edges in a shortest path joining x and y. The diameter of a graph,
denoted by diam(G), is the maximum distance between any two vertices of G. We will use G − x or
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Fig. 1. Four graphs U4, U5, B4, B5.
G − xy to denote the graph that arises from G by deleting the vertex x ∈ V(G) or the edge xy ∈ E(G).
Similarly, G + xy is a graph that arises from G by adding an edge xy /∈ E(G), where x, y ∈ V(G).
Let A(G) be the adjacency matrix of a graph G, and let λ1(G), λ2(G), . . . , λn(G) be the eigenvalues
in non-increasing order of a graph G. The number
∑n
i=1λki (G) (k = 0, 1, . . . , n − 1) is called the kth
spectral moment of G, denoted by Sk(G). Note that S0 = n, S1 = l, S2 = 2m, S3 = 6t, where n, l, m, t
denote the number of vertices, the number of loops, the number of edges and the number of triangles,
respectively (see [2]). Let S(G) = (S0(G), S1(G), . . . , Sn−1(G)) be the sequence of spectral moments of
G. For two graphs G1, G2, we shall write G1 =S G2 if Si(G1) = Si(G2) for i = 0, 1, . . . , n − 1. Similarly,
we have G1 ≺S G2 (G1 comes before G2 in an S-order) if for some k(k = 1, 2, . . . , n − 1) we have
Si(G1) = Si(G2) (i = 0, . . . , k − 1) and Sk(G1) < Sk(G2). We shall also write G1 S G2 if G1 ≺S G2
or G1 =S G2. S-order had been used in producing graph catalogues (see [4]), and for a more general
setting of spectral moments, see [3].
Up to now, few results on the S-order of graphs are obtained. Cvetkovic´ and Rowlinson [5] studied
the S-order of trees and unicyclic graphs and characterized the ﬁrst and the last graphs, in an S-order,
of all trees and all unicyclic graph with given girth, respectively. Wu and Fan [6] determined the ﬁrst
and the last graphs, in an S-order, of all unicyclic graphs and bicyclic graphs, respectively.
A tree is a connected acyclic graph. Let T be a tree of order n with diameter d. If d = 2, then
T ∼= K1,n−1, a star of order n; and if d = n − 1, then T ∼= Pn, a path of order n. Therefore, in the following,
we assume that 3 d n − 2. Let Tn,d = {T : T is a tree with order n and diameter d, 3 d n − 2}.
In this paper, we will give the last
⌊
d
2
⌋
+ 1, in an S-order, of trees in the set Tn,d(4 d n − 3).
Moreover, for d = 3 and d = n − 2, all trees have an S-order.
Let Pn, Cn, Sn be a path, a cycle and a star K1,n−1 of order n, respectively. Let Un be a graph obtained
from Cn−1 by attaching a leaf to one vertex of Cn−1, and let B5, B4 be two graphs (see Fig. 1) obtained
from two cycles C3, C
′
3 of length 3 by identifying one vertex of C3 with one vertex of C
′
3 and identifying
one edge of C3 with one edge of C
′
3, respectively.
Let F be a graph. An F-subgraph of G is a subgraph of Gwhich isomorphic to the graph F . Let φG(F)
(or φ(F)) be the number of all F-subgraphs of G.
A connected subgraph H of G is called tree-subgraph (or resp., cycle-subgraph) if H is a tree (or
resp., contains at least one cycle).
2. Preliminaries
We ﬁrst give some lemmas that will be used in the proof of our results.
Lemma 2.1 [2]. The kth spectral moment of G is equal the number of closed walks of length k.
Lemma 2.2. For every graph G, we have
(i) S4 = 2φ(P2) + 4φ(P3) + 8φ(C4) (see [4]);
(ii) S5 = 30φ(C3) + 10φ(U4) + 10φ(C5);
(iii) S6 = 2φ(P2) + 12φ(P3) + 6φ(P4) + 12φ(S4) + 12φ(U5) + 36φ(B4) + 24φ(B5) + 24φ(C3)+ 40φ(C4) + 12φ(C6).
Proof. Vertices that belong to a closedwalk of length 5 (or resp., 6) induce in G a subgraph isomorphic
to C3, U4, C5 (or resp., P2, P3, P4, S4, U5, B4, B5, C3, C4 or C6). Since the number of closed walks of length
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5 (or resp. 6) which span these subgraphs is 30, 10, 10 (or resp. 2, 12, 6, 12, 12, 36, 24, 24, 40 and 12),
respectively, the results follow. 
Let Gu and Hv be two graphs with u ∈ V(G) and v ∈ V(H). Let Gu · Hv be a graph obtained from Gu
and Hv by identifying u and v.
Lemma 2.3. Let Gu be a connected non-trivial graph, and let Hc, Hv two stars H = K1,s(s 2)with center
c and a leaf v, respectively. Then
Gu · Hv ≺S Gu · Hc.
Proof. Note that Si(Gu · Hv) = Si(Gu · Hc), i = 0, 1, 2, 3. By Lemma 2.2(i),
S4(Gu · Hc) − S4(Gu · Hv) = 4
[(
dG(u) + s
2
)
−
(
dG(u) + 1
2
)
−
(
s
2
)]
= 4(s − 1)dG(u) > 0.
Hence, Lemma 2.3 is true. 
Lemma 2.4. LetG, H be a connectednon-trivial graphswith v, u ∈ V(G)andw ∈ V(H). If dG(v) > dG(u),
then
Gu · Hw ≺S Gv · Hw.
Proof. Note that Si(Gu · Hw) = Si(Gv · Hw) for i = 0, 1, 2, 3. By Lemma 2.2(i),
S4(Gv · Hw) − S4(Gu · Hw)
= 4
[(
dG(v) + dH(w)
2
)
+
(
dG(u)
2
)
−
(
dG(u) + dH(w)
2
)
−
(
dG(v)
2
)]
= 4dH(w)(dG(v) − dG(u)) > 0.
Hence, Lemma 2.4 is true. 
By Lemma 2.4, we have the following result.
Corollary 2.1. Let G be a connected graph and v, u ∈ V(G). Suppose that Gs,t be a graph obtained from G
by attaching s, t pendant vertices to v, u, respectively. If dG(v) + s dG(u) + t − i for 1 i s, then
Gs,t ≺S Gs+i,t−i.
Proof. Applying Lemma 2.3 to G = Gs,t−i and H = Si+1 with central vertex w, the result follows. 
Lemma 2.5. Let G be a non-trivial connected graph with u ∈ V(G). Suppose that two paths of lengths
a, b(a b ≥ 1) are attached to G by their ends vertices at u, respectively, to form G∗a,b. Then
G∗a+1,b−1 ≺S G∗a,b.
Proof. Note that Sj(G
∗
a+1,b−1) = Sj(G∗a,b), j = 0, 1, 2, 3.
First we assume b = 1. By Lemma 2.2,
S4(G
∗
a,b) − S4(G∗a+1,b−1) = 4
[(
dG(u) + 2
2
)
−
(
dG(u) + 1
2
)
−
(
2
2
)]
= 4dG(u) > 0.
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Thus G∗a+1,b−1 ≺S G∗a,b for b = 1.
Now we assume b 2. By Lemma 2.2(i), S4(G∗a,b) = S4(G∗a+1,b−1).
Let Tk(G) =
{
T : T is a treesubgraph of G and |E(T)| k
2
}
, and let Let T ′k (G) = {T : T is a cycle-
subgraph of G and |E(T)| k}. By Lemma 2.1, Sk(G) are related to the numbers of tree-subgraphs in
Tk(G) and the numbers of cycle-subgraphs T ′k (G). Note that tree-subgraphs only generate even closed
walks.
For any T ∈ T ′k (G∗a+1,b−1), T ′k (G∗a,b) contains a T-subgraph, that is, there is a subgraph T ′ ∈ T ′k (G∗a,b)
with T ∼= T ′, and vice versa for 5 k 2b + 2. If 5 k 2b + 1, then for any T ∈ Tk(G∗a+1,b−1), Tk(G∗a,b)
contains a T-subgraph, that is, there is a subgraph T∗ ∈ Tk(G∗a,b) with T ∼= T∗, and vice versa. Thus,
when 5 k 2b + 1, for any T ∈ Tk(G∗a+1,b−1) ∪ T ′k (G∗a+1,b−1) and T ′ ∈ Tk(G∗a,b) ∪ T ′k (G∗a,b), we
have
φG∗a+1,b−1(T) = φG∗a,b(T ′) if T ∼= T ′.
Hence Sk(G
∗
a+1,b−1) = Sk(G∗a,b) for 5 k 2b + 1.
Now we consider the case that k = 2b + 2. Note that for any T ∈ T ′2b+2(G∗a+1,b−1) and T ′ ∈
T ′2b+2(G∗a,b), we have
φG∗a+1,b−1(T) = φG∗a,b(T ′) if T ∼= T ′.
Hence we only need to compare the numbers of tree-subgraphs in T2b+2(G∗a,b) and T2b+2(G∗a+1,b−1).
From the above argument, we have
T2b+2(G∗a+1,b−1) = T2b+1(G∗a+1,b−1) ∪ {Pb+2}, T2b+2(G∗a,b) = T2b+1(G∗a,b) ∪ {Pb+2}
and for any T ∈ T2b+1(G∗a+1,b−1) and T ′ ∈ T2b+1(G∗a,b),
φG∗a+1,b−1(T) = φG∗a,b(T ′) if T ∼= T ′.
So, in the following, we compare the numbers of Pb+2-subgraphs of G∗a,b and G∗a+1,b−1. Note that
φG∗a+1,b−1(Pb+2) = φG∗a,b−1(Pb+2) + 1,
φG∗a,b(Pb+2) = φG∗a,b−1(Pb+2) + dG(u) + 1.
Since dG(u) 1, φG∗a+1,b−1(Pb+2) < φG∗a,b(Pb+2). Hence S2(b+1)(G
∗
a+1,b−1) < S2(b+1)(G∗a,b).
Therefore the proof of the lemma is complete. 
3. Main results
In this section, wewill give the last
⌊
d
2
⌋
+ 1 trees, in an S-order, in the set Tn,d for 2 d n − 1. Re-
call that Tn,2 = {K1,n−1} and Tn,n−1 = {Pn}. Therefore, in the following, we assume that
3 d n − 2.
In order to formulate our results, we need to deﬁne some trees (see Fig. 2) as follows.
Let Tn,d(p1, . . . , pd−1) be a tree of order n created from a path Pd+1 = v0v1 · · · vd−1vd by attaching
pi pendant vertices to vi, respectively, where n = d + 1 + ∑d−1i=1 pi, pi  0, i = 1, 2, . . . , d − 1. Denote
Wn,d,i = Tn,d(0, . . . , 0︸ ︷︷ ︸
i−1
, n − d − 1, 0, . . . , 0) and Tn,d,i,j = Tn,d(0, . . . , 0︸ ︷︷ ︸
i−1
, n − d − 2, 0, . . . , 0︸ ︷︷ ︸
j−i−1
,
1, 0, . . . , 0). ThenWn,d,i ∼=Wn,d,d−i.
For 2 i d − 2, we let Xn,d,i be a graph obtained from Wn−1,d,i by attaching a pendant vertex to
one pendant vertex ofWn−1,d,i, except for v0, vd. Then Xn,d,i ∼= Xn,d,d−i.
Denote T 0n,d = {Wn,d,i : 1 i d − 1}, T ∗n,d = {Xn,d,i : 2 i d − 2} and T
′′
n,d =
{
Tn,d,i,j : 1 i⌊
d
2
⌋
, i < j d − 1
}
.
By Lemma 2.2, we have the following results.
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Fig. 2. Some trees of order n and diameter d.
Proposition 3.1. Let Wn,d,i, Xn,d,i, Tn,d,i,j be the graphs shown in Fig. 2. Set  =
{
1, if j = i + 1,
0, otherwise.
Then
(i) S4(Wn,d,i) = 2n + 4d − 10 + 4
(
n−d+1
2
)
for 1 i d − 1;
(ii) S4(Xn,d,i) = 2n + 4d − 6 + 4
(
n−d
2
)
for 2 i d − 2;
(iii) S4(Tn,d,i,j) = 2n + 4d − 2 + 4
(
n−d
2
)
for 1 i < j d − 1;
(iv) S6(Tn,d,1,d−1) = 2n − 2 + 12d + 12
(
n−d
2
)
+ 6(n − 3) + 12
(
n−d
3
)
+ 12;
S6(Tn,d,1,j) = 2n − 2 + 12d + 12
(
n−d
2
)
+ 6(n − 2) + 6(n − d − 2) + 12
(
n−d
3
)
+ 12 for 1 = i <
j < d − 1;
S6(Tn,d,i,d−1) = 2n − 2 + 12d + 12
(
n−d
2
)
+ 6(2n − d − 5) + 6(n − d − 2) + 12
(
n−d
3
)
+ 12 for
1 < i < j = d − 1;
S6(Tn,d,i,j) = 2n − 2 + 12d + 12
(
n−d
2
)
+ 6(2n − d − 4) + 6(n − d − 2) + 12
(
n−d
3
)
+ 12 for1 <
i < j d − 1.
Proposition 3.2. Let Wn,d,i, Xn,d,i, Tn,d,a,b be the graphs shown in Fig. 2. Then
Xn,d,j ≺S Tn,d,a,b ≺S Wn,d,i
for 1 i d − 1, 1 a < b d − 1 and 2 j d − 2.
Proof. Note that Sl(Wn,d,i) = Sl(Tn,d,i,j) = Sl(Xn,d,j) for l = 0, 1, 2, 3. By Proposition 3.1, we have
S4(Wn,d,i) − S4(Tn,d,a,b) = 4(n − d − 2) > 0,
S4(Tn,d,a,b) − S4(Xn,d,j) = 4 > 0.
Thus the results hold. 
Theorem 3.3. All trees in Tn,3 have the following S-order:
Tn,3
(⌊
n − 4
2
⌋
,
⌈
n − 4
2
⌉)
≺S · · · ≺S Tn,3(2, n − 6) ≺S Tn,3(1, n − 5) ≺S Wn,3,1.
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Proof. Let T ∈ Tn,3. Then T ∼= Tn,3(p1, p2). Without loss of generality, we assume p1  p2. By Corollary
2.1, we have Tn,3(p1, p2) ≺S Tn,3(p1 + 1, p2 − 1). Thus the proof of the theorem is complete. 
By Lemma 2.5, we have
Proposition 3.4. Let Wn,d,i, Xn,d,i be the graphs shown in Fig. 2. Then
Wn,d,1 ≺S Wn,d,2 ≺S · · · ≺S Wn,d,
 d
2
−1 ≺S Wn,d,
 d
2
;
Xn,d,2 ≺S Xn,d,3 ≺S · · · ≺S Xn,d,
 d
2
−1 ≺S Xn,d,
 d
2
.
By Proposition 3.4, we have:
Corollary 3.5. All trees in Tn,n−2 have the following S-order:
Wn,n−2,1 ≺S Wn,n−2,2 ≺S · · · ≺S Wn,n−2,
 n−2
2
−1 ≺S Wn,n−2,
 n−2
2
.
From now on, we will assume that 4 d n − 3. By Proposition 3.4, T ≺S Xn,d,
 d
2
 for T ∈ T ∗n,d.
Proposition 3.6. Let T ∈ T ′′n,d \ {Tn,d,
 d
2
,
 d
2
+1}. Then
T ≺S Tn,d,
 d
2
,
 d
2
+1.
Proof. For any tree T , we let Tk(T) = {F : F is a tree-subgraph of T and |E(F)| k2 }. By Lemma 2.1,
Sk(T) are related to the numbers of tree-subgraphs in Tk(T). Note that tree-subgraphs only generate
even closed walks, and hence Sk(T) = 0 when k is odd.
Let T ∈ T ′′n,d \ {Tn,d,
 d
2
,
 d
2
+1}. Then T ∼= Tn,d,i,j with i /= 
 d2 and j /= 
 d2 + 1. First we show that
Tn,d,i,j ≺S Tn,d,i,i+1 for 1 i < j − 1 d − 2.
By Proposition 3.1(ii), we have S4(Tn,d,i,j) = S4(Tn,d,i,i+1). By Proposition 3.1(iv),
S6(Tn,d,i,i+1) − S6(Tn,d,i,j) = 6(n − d − 2) > 0,
and thus Tn,d,i,j ≺S Tn,d,i,i+1 for 1 i < j − 1 d − 2.
Next we show that
Tn,d,i,i+1 ≺S Tn,d,i+1,i+2 for i <
⌊
d
2
⌋
.
If l i + 1, then for any T ∈ T2l(Tn,d,i,i+1) and T ′ ∈ T2l(Tn,d,i+1,i+2) with T ∼= T ′, we have
φTn,d,i,i+1(T) = φTn,d,i+1,i+2(T ′).
Thus S2l(Tn,d,i,i+1) = S2l(Tn,d,i+1,i+2) when l i + 1.
Note thatT2(i+2)(Tn,d,i,i+1) = T2(i+1)(Tn,d,i,i+1) ∪ {Pi+2},T2(i+2)(Tn,d,i+1,i+2) = T2(i+1)(Tn,d,i+1,i+2)∪ {Pi+2} and
φTn,d,i+1,i+2(Pi+2) − φTn,d,i,i+1(Pi+2) = n − d − 2 > 0,
and hence S2(i+2)(Tn,d,i,i+1) < S2(i+2)(Tn,d,i+1,i+2). So Tn,d,i,i+1 ≺S Tn,d,i+1,i+2 for i <
⌊
d
2
⌋
.
Therefore the proof of the proposition is complete. 
Proposition 3.7. Let T ∈ Tn,d \ (T 0n,d ∪ {Tn,d,
 d
2
,
 d
2
+1}). Then
T ≺S Tn,d,
 d
2
,
 d
2
+1.
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Proof. Let Pd+1 = v0v1 · · · vd−1vd be a path of length d of T with d(v0) = d(vd) = 1. Let Vd = {vi :
d(vi) 3, 1 i d − 1}. Since n d + 3, Vd /= ∅. We consider two cases.
Case 1. |Vd| 2.
In this case, let vk ∈ Vd, and let Tpi be a subtree of T − E(Pd+1) which containing vi, 1 i d − 1
and |V(Tpi)| = pi.
By Lemma2.3, there is a tree T1 ∼= Tn,d(p1, . . . , pd−1) such that T S T1 and equality holds if T ∼= T1.
If |Vd| = 2, then T1 ∈ T ′′n,d. If T ∼= T1, then T1 Tn,d,
 d
2
,
 d
2
+1 as T  Tn,d,
 d
2
,
 d
2
+1, and hence, by
Proposition 3.6, we have
T =S T1 ≺S Tn,d,
 d
2
,
 d
2
+1.
If T  T1, then by Proposition 3.6,
T ≺S T1 S Tn,d,
 d
2
,
 d
2
+1.
If |Vd| 3, then we let pk, pl, pm /= 0, 1 k < l < m d − 1, and by Corollary 2.1, we have
Tn,d(p1, . . . , pk, . . . , pl, . . . , pd−1) ≺S Tn,d(p1, . . . , pk + pl, . . . , 0, . . . , pd−1).
Repeat the above step, we can obtain a tree T2 ∼= Tn,d,i,j such that T1 ≺S · · · ≺S T2. Hence, by Proposi-
tion 3.6,
T S T1 ≺S · · · ≺S T2 S Tn,d,
 d
2
,
 d
2
+1.
Case 2. |Vd| = 1.
In this case, we let vi ∈ Vd and N(vi) \ {vi−1, vi+1} = {x1, . . . , xs} with d(xj) 2, 1 j r, and
d(xr+1) = · · · = d(xs) = 1. Then r  1as T /∈ T 0n,d. Let Ti(xj)be subtrees of T − viwhich contain xj , and|V(Ti(xj))| = sj + 1, 1 j r.
Let T3n,d,i be a tree (see Fig. 2) created fromWd+s+1,d,i by attaching sj pendant vertices to x¯j , 1 j s,
respectively, where x¯j is the pendant vertex ofWd+s+1,d,i. Then by Lemma 2.3, we have T S T3n,d,i.
By Corollary 2.1, T3n,d,i S Xn,d,i. Thus, by Proposition 3.2, we have
T S T3n,d,i S Xn,d,i S Xn,d,
 d
2
 ≺S Tn,d,
 d
2
,
 d
2
+1.
Therefore the proof of the proposition is complete. 
By Propositions 3.4 and 3.7, we have the following results.
Theorem 3.8. In an S-order of trees in the set Tn,d, the last
⌊
d
2
⌋
+ 1 with 4 d n − 3 are as follows:
W
n,d,
 d
2
, Wn,d,
 d
2
−1, . . . , Wn,d,2, Wn,d,1, Tn,d,
 d
2
,
 d
2
+1.
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